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Number Systems Basics W

How to represent negative numbers?

m Three common schemes: sign magnitude, ones

complement, twos complement

m Sigh  napitude: MSB = 0 for positive, 1 for negative

ORange:- @V1-1)to +(2V 1-1)
OTwo representations for zero: 0000... & 1000...

OL eads to complicated addition/subtraction, but simple
multiplication

m Onescomplement: if N ispositivethen itsnegative is N-

OEx.: 0111 =7, 1000=- 7
ORange- @1-1)to+(2N 1-1)
O Still two representationsfor zero: 0000... & 1111...

OSubtraction implemented as addition followed by ones
complement —simpler than twos complement
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Twos Complement Representation w

Twos complement = bitwise complement + 1
0111- >1000+1=1001=- 7 -1 +0

SIX=-28+ Lx2+1

1001~ 0110 +1=0111= 7 -3

= Asymmetricrange: - 2 tto+2N 11
= Only one representation for zero

= Simple addition and subtraction -6
= Most common representation

1000 0111

-8 +7
4 0100 - 4 1100 4 0100 - 4 1100
+3 0011 +¢ 3 1101 +¢ 3) 1101 +3 0011
7 0111 - 711001 1 10001 -1 1111

If carry in to sign equalscarry out, then can ignorecarry out; otherwise have overflow.
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Overflow Conditions N

Add two positive numbers to get a negative number

or two negative numbers to get a positive number.

- 8 01000
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Binary Full Adder W

A B
! S=A0BUOC
I — _>Co
Adder
S

AB
Cl 00 01 11 10

O] O 1 0 1

S

1 1 0 1 0

AB
Cl 00 01 11 10

O] O 0 1 0

P RPRRPFPRPOOOO>
RPRPOOREFOO|I
Rororor ol
RPOORrRORFrRrEFrLrOWm
P‘P‘P‘C)P‘C)C)C)E;

CO

1 0 1 1 1
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Ripple Carry Adder Structure W

0 B A B A B A
Cos| Full |Coo| Full | Cos| Full | Coo| Full |Cio
Adder Adder Adder Adder
) ) ) }

S8 S S S

Wor st case propagation delay linear with the number of bits

1:adder = (N :Dtcarry'l'tsum
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Extension to Subtraction w

»Under twos complement, subtracting B isthe same as
adding the bitwise complement of B, then adding 1.

Combination addition/subtraction system:

mux selects B for addition, B for subtraction — Is there another way?

,4 b Il N
B, B By Bo
l \ 4 v
< < < Add/Subtract
| FA [ FA o] FA [c| FA N
7 l l l l Add 1 for
\¢ >3 =2 =1 0 subtraction using
carry in.

S~

overflow
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Comparator (one approach)

i

B; Bs B, B B, B B, B,
l v \ 4 v v
< < < 1
C0,3 FA Co,z FA Co,l FA Co,O FA
\J/ S S, Sy S
| Some examples:
AB A-B NV
-3 4 1 00
\ \ - 32 -510
trueif trueif negative 36 (- 97 01
overflow reslt Z trueif zeroresult 5- 6(1)- 511
C >
A<B = NOV A>B = Z+(NOV)
A<B = Z+(NDOV) A>B = NOV
A=B = Z AZB = Z
- .
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Alternate Adder Logic Formulation w

How to Speed up the Critical (Carry) Path?
(How to Build a Fast Adder?)

) f
C. Full

Carr in  —* — C
A B | G| S |G| Adder 0
0| 0 0 0 0 delete |
o | o | 1 1 0 | delete S
0 1 0 1 0 | propagate Generate (G) = AB
0 1 1 0 1 propagate Propagate (P)=A OB
1 0 0 1 0 propagate C ( G, P) = G+ PC.
1 0 1 0 1 propagate 0 !
1 1 0 0 1 generate S(G,P) = P&® Ci
1 1 1 1 1 generate
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Carry Bypass Adder w

A, B, A, B, A, B, A, B,

S Y SN S S SR S

D G P G P G P.G| —_ Cancompute P, G
Pl 1Go P} ]Gy P ]G, Pa] ]G In parallel for all bits
— FA —| FA | —| FA —| FA [—
1,0 Co,o Co,l C0,2 Co,3
} } } }

BP=P,P,P,P,

Key ldea: If (P, P, P,P3)thenC,;=C,,
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Carry Lookahead Adder w

i

Re epressthecarry logic asfollows:

Cl=G0+P0OCO

C2=G1+P1C1=G1+P1G0O+P1POCO
C3=6G2+P2C2=G2+P2G1+P2P1G0+ P2P1P0OCO
C4=G3+P3C3=G3+P3G2+P3P2G1+P3P2P1G0+ P3P2P1PO0CO

» Each of the carry eguations can beimplemented in atwe level logic
network.

*Variablesarethe adder inputsand carry in to stage O.

Ripple effect has been eliminated!
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Carry Lookahead Logic w

i

/g: - QD ____________________________________________________________ pi

| Adder with propagate and
CI ............................................................ g D_ Si generate Outputs

L ater stages have increasingly complex logic.
Are later stages slower? /

CO0— CO— Cco—
PO _D_ CL PO— PO—

GO

P2— P2—
GO— P3—
_ P1— — GO—
¢0™ p2— P1—
PO p2—H )
P1—

Gl ] C3 P3—
T e
P2— } —
G2 P3— W
Gl o }ﬁ} c4

P3—

G3
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W 16 ht Carry Bypass Adder N

BP=P,P,P,P, BP=P,P.P,P,

BP= P,P,P.P,,

BP=P};,P1,P13P14
P,G P,G P.G P,G

P,G P.G P,.G P.G

P,G P.G P.G P,G P,G PG PG P,G
Ci’°|+=A+ ItAt *F; TN o TN i TRt o TR M2 A 2 2 S SN AP 2 A 2 e e 2
T FEARIEARIPAPL | P IFARFARIFARIFAIO L pFARIFARIFARIFAPIY FARFARFARIFAR
Co,0 C0,1 Co,z ] Co,4 Co,5 Co,e o1 C C C C C C
> » 0,8 0,9 0,10 »{1 0,12 0,13 0,14 »1 T

C0,15

Assumethefollowing for delays of each block:
P, G from A, B: 1 delay unit

P, G, C, toC,or Sum for a FA: 1delay unit
2.1 mux delay: 1 delay unit

What isthe wor st case propagation delay for the 16 Ix adder?
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Critical Path Analysis W

I BP= PoP1P,Ps BP2= P,PsP¢P; BP3= P,PPyPy, BP4= P,,P,,P,-P,,
P\3 PG| [PG| |PG PG| |[PG| |PG| [PG pGc| [Pc| |PG| |PG pG| [PG| |PG| |PG
C. YY YV V¥ VY YV YV Vv TV ¥93 YV v ¥
SFAGFARTFARTEAPAL = FALIFALFALEAl L 7 Cons
T 2 Iy e 'y X e 0 FARIFARIFAZIFAP
Co,0 C0,1 Co,z »l1 C0,4 C0,5 Co,e > Co,8 C0’9 CO’10 R C0’12 C0’13 CQ14 1 f
C0,15

For the second stage, isthecritical path:
BP2=0or BP2=17

Message: Timing Analysis is Very Tricky —
Must Carefully Consider Data Dependencies For
False Paths
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Binary Multiplication

i

X3 Xz X; Xy Multiplicand

& | &
\4 \4
r FA FA FA
| ! ' |
Z; Zg Z5 Z, Zy
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& Y3 ¥2 Y1 Yo Multiplier
X3¥Yo X2¥o X1Yo X0Yo
X3¥Y1 X2¥1 X1¥Y1 XoY1 Partial Product
A30% Aa¥o KNy AQXD
+ X3¥3 Xo¥3 X1¥3 XpY3
Result X; X, X, Xq
L7 Lo L5 244 L3 43 721 4 é
) : : X X X X Y1
> Partial product computation is é é é & Z
simple (single and gate per bit). ! , °
HA FA [* FA [ HA
X3 X2 Xl Xo y2 l
Zl
FA FA FA HA

15

Yo




m A Serial (Magnitude) Multiplier m

) Shift (or LD) ” T
0 " rt
—4 i e"
[5] 8
O —_:*—*DAQ_ _._ D Q
$ >
[4]
0 __:?_,_ P xbus acc_out
/
7y
X3 o o D | ST'ft
? 2 LD
X2 D Q| ICLK
A? /I D Q_’
Xq 5 ol I I I | X*Y
A : et : e : e : <4+—CLK A
X, A | S y T oLk
0 /T\ ..ﬁ: { f { S
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Timing Diagram

CLK | |
Shift
Xreg }gooowxlexo ﬁ00x3x2x1xoo X00x3x2x1x000 X0x3x2x1xoooo 0000x3x2x1x0
yreg )( yOyly2y3 X yly2y3y3 >( y2y3y3y3 y3y3y3y3 X yOyly2y3
Acc_out Y 00000000 Accum_1 X Accum_2 Accum_3 X 00000000
X*Y X PRODUCT X PRODUCT
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VHDL of Serial Multiplier W

i

| i brary I eee;

use ieee.std |logic 1164. all;

use ieee.std | ogic_unsigned. all;

entity serialnult is

port (SH FT, CLK: in std_| ogic;

X, Y: 1in std logic vector (3 downto 0);
XY: out std logic vector (7 downto 0));

end serialmult ;

archi tecture behavioral of serialnmult is

signal XREG XBUS, acc out, XY int, add out:
std | ogic _vector (7 downto O);

signal YREG std logic vector (3 downto 0);

begi n
add out <= XBUS + acc_out;
XY <=XY_int;

XBUS <= (others => "0"') when YREG0) = '0" else XREG
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VHDL of Serial Multiplier (cont.) W

process (CLK)
begi n
I f (rising_edge(CLK)) then
if (SHHFT ='0") then
XREG <= "0000" & X;
YREG <= Y;
acc_out <= (others =>"'0");
XY _ int <= add out;
el se
XREG <= XREG (6 downto 0) & '0';
YREG <= Y(3) & YREG (3 downto 1);
acc_out <= add out;
XY int <= XY.int; -- This is optional.
end if;
end if;
end process;
end architecture behavioral;
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Simulation of Serial Multiplier

i

i

*Notice that SHIFT specifies aload followed by three shifts and
brackets the rising edge of the CLK.

*Thevauesfor X and Y areloaded into XREG and Y REG respectively.

*XREG shiftsleft while Y REG shiftsright.

*Thevalue of XY istheproduct (in HEX) of X and Y.

T = <
E serialmult.scf - Waveform Editor o =

Ref [1.015us |[#[2] Time: [1.02us | Interval: |5.0ns |
n'I.EHEus

Marne: “alle 1EIEI.IEIns EEIEI.IEIns HDD.IEIns JlEIEI.IEIns EEIEI.IEIns EEIEI.IEIns ?'EIEI.IEIns EIEIEI.IEIns EIEIEI.IEIns 1.E!u3 1'1."'5 1
g=SHFT | 0 ] | L]
ok |0 ] L L L L L LT L L L L L
= ¥ Hi | F H E H F ¥ 1
= Ha | 1 H 5 I F Yy 8
S KXY H E1 0o H OF H 35 ¥ E1
@V ¥REG |HO1|[00% OF § 1E 4 3¢ 4 78 4 09 4 12 § 24 § 45 § OF ¥ 1E }( 3¢ ¥ 78 o oz
Ay YREG | HE [0 % 1} 0 IR s Y c
@V acc_out| HOD o OF I 0o 12 % 3 ¥ 00§ OF }( 20 F B9 b 0o
A
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Baugh Wooley Formulation w

Assuming X and Y are4 lttwos complement numbers:
X = 2G+2x2 Y = 23’3*'24%2
Theproduct of X and Y is:

XY = Xay,26- Z XY 52! +3- Zx:,)yJ 2%+ X 2 Xy, 2

Recall 1‘or2 twos compl ement:
- 22 = 3+372 + 1

|0I

The product then becomes:
XY =Xgy32° +2xy3?3+23 2 +Zx 2T+ 2B8-26+% Z= Y2

= X,Y526 + 2. xiiy@??’ + 2 xgj?“ + Z X, de'+1 +24-27

IOJ

= =27+ Xgy32° + (Xo¥5 + Xg¥0) 22 + (X3 + Xgy; + Xy, +1)2°
+ (Xg¥3 + Xg¥o+ XqYo + Xo¥1) 23+ (XoYo + XqY1 + XY )22 + (XoYq + X1Yo)2*

0
+ (Xo¥0)2
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X3 X Xp Xp Multiplicand

Twos Complement Multiplication

i Y3 Y2 Y1 Yo Multiplier
X3¥Yo X2¥0 X1¥Yo XoYo
X3¥Y1 X2¥1 X1¥Y1 XoYi
X3¥2 X2¥2 X1¥Y2 Xp¥Y2 y
X3¥Y3 X2¥3 X1¥Y3 Xo¥3 X3 X, X X[ °°
+1 1
Z7 Z¢ Zs  Z4y I3 Iy Z]  Zy @, X X, ]
FA FA [ FA [« HA
X3 X, X, X, Ys l
Z1
FA FA FA HA
)% )a % "
1 Z
i i v ?
HA [* FA FA FA
' ! v v
Z7 ZG 25 Z4
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