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! Three common schemes: sign- magnitude, ones 
complement, twos complement

! Sign- magnitude: MSB = 0 for positive, 1 for negative
"Range: - (2N- 1 – 1) to +(2N- 1– 1)
"Two representations for zero: 0000… & 1000…
"Leads to complicated addition/subtraction, but simple 

multiplication

! Ones complement: if N is positive then its negative is N
"Ex.: 0111 = 7,  1000 = - 7
"Range: - (2N- 1 – 1) to +(2N- 1– 1)
"Still two representations for zero: 0000… & 1111…
"Subtraction implemented as addition followed by ones 

complement – simpler than twos complement

Number Systems BasicsNumber Systems Basics

How to represent negative numbers?

_



3L10  6.111   Fall 2003 – Introductory Digital Systems Laboratory

Twos Complement RepresentationTwos Complement Representation

# Asymmetric range:  - 2N- 1to +2N- 1- 1
# Only one representation for zero
# Simple addition and subtraction
# Most common representation

Twos complement = bitwise complement + 1
0111 - > 1000 + 1 = 1001 = - 7
- Σ xi= -23 + Σ xi2i + 1

1001 - > 0110 + 1 = 0111 =  7
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Overflow ConditionsOverflow Conditions

Add two positive numbers to get a negative number

or two negative numbers to get a positive number.

5 + 3 = - 8! - 7 - 2 = +7!
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Binary Full AdderBinary Full Adder

Full 
Adder
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Ripple Carry Adder StructureRipple Carry Adder Structure

Full 
Adder

A0B0

S0

Ci,0Full 
Adder

A1B1

S1

Full 
Adder

A2B2

S2

Full 
Adder

A3B3

S3

Co,3 Co,2 Co,1 Co,0

Worst case propagation delay linear with the number of bits

tadder = (N- 1)tcarry + tsum
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Extension to SubtractionExtension to Subtraction

$Under twos complement, subtracting B is the same as 
adding the bitwise complement of B, then adding 1.

Add 1 for 
subtraction using 

carry in.

Combination addition/subtraction system:

mux selects B for addition, B for subtraction – Is there another way?
_

Overflow occurs if carry in to sign bit differs from final carry out.

overflow

FA Add/Subtract
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Comparator (one approach)Comparator (one approach)

A < B   =   N ⊕⊕⊕⊕ V
A ≤ B   =   Z + (N ⊕⊕⊕⊕ V)
A = B   =   Z

A > B   =   Z + (N ⊕⊕⊕⊕ V)
A ≥ B   =   N ⊕⊕⊕⊕ V
A ≠≠≠≠ B   =   Z

true if 
overflow

true if negative 
result

true if zero result
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Some examples:
A  B    A – B    N  V

- 3  - 4            1    0   0
- 3   2           - 5    1   0
- 3   6   ( - 9)  7    0   1
5  - 6   (11) - 5    1   1
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Alternate Adder Logic FormulationAlternate Adder Logic Formulation

Full 
Adder

A B

S

Co
Cin

Generate (G) = AB

Propagate (P) = A ⊕ B

How to Speed up the Critical (Carry) Path?
(How to Build a Fast Adder?) 
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Carry Bypass AdderCarry Bypass Adder
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Can compute P, G 
in parallel for all bits
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Key Idea: if (P0 P1 P2 P3) then Co,3 = Ci,0
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Carry Carry LookaheadLookahead AdderAdder

Re- express the carry logic as follows:

C1 = G0 + P0 C0

C2 = G1 + P1 C1 = G1 + P1 G0 + P1 P0 C0

C3 = G2 + P2 C2 = G2 + P2 G1 + P2 P1 G0 + P2 P1 P0 C0

C4 = G3 + P3 C3 = G3 + P3 G2 + P3 P2 G1 + P3 P2 P1 G0 + P3 P2 P1 P0 C0

# Each of the carry equations can be implemented in a two- level logic 
network.

#Variables are the adder inputs and carry in to stage 0.

Ripple effect has been eliminated!

…
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Carry Carry LookaheadLookahead LogicLogic
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Adder with propagate and 
generate outputs

Later stages have increasingly complex logic.
Are later stages slower?
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1616-- bit Carry Bypass Adderbit Carry Bypass Adder
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Assume the following for delays of each block:
P, G from A, B: 1 delay unit
P, G, Ci to Co or Sum for a FA: 1 delay unit
2:1 mux delay: 1 delay unit

Co,3

What is the worst case propagation delay for the 16- bit adder? 
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Critical Path AnalysisCritical Path Analysis
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For the second stage,  is the critical path:

BP2 = 0 or BP2 = 1? 

Message: Timing Analysis is Very Tricky –
Must Carefully Consider Data Dependencies For 

False Paths
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Binary MultiplicationBinary Multiplication

$ Partial product computation is 
simple (single and gate per bit).
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A Serial (Magnitude) MultiplierA Serial (Magnitude) Multiplier
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Timing DiagramTiming Diagram

CLK

Shift

xreg 0 0 0 0 x3 x2 x1 x0 0 0 0 x3 x2 x1 x0 0 0 0 x3 x2 x1 x0 0 0 0 x3 x2 x1 x0 0 0 0 0 0 0 0 x3 x2 x1 x0

yreg y0 y1 y2 y3 y1 y2 y3 y3 y2 y3 y3 y3 y3 y3 y3 y3 y0 y1 y2 y3

Acc_out 00000000 Accum_1 Accum_2 Accum_3 00000000

X*Y PRODUCT PRODUCT
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VHDL of Serial MultiplierVHDL of Serial Multiplier

library ieee;

use ieee.std_logic_1164.all; 

use ieee.std_logic_unsigned.all;

entity serialmult is

port (SHIFT, CLK:  in std_logic;

X, Y :  in  std_logic_vector (3 downto 0);

XY: out std_logic_vector (7 downto 0));

end serialmult ;

architecture behavioral of serialmult is

signal XREG, XBUS, acc_out, XY_int, add_out: 
std_logic_vector (7 downto 0);

signal YREG: std_logic_vector (3 downto 0);

begin

add_out <= XBUS + acc_out;

XY <=XY_int;

XBUS <= (others => '0') when YREG(0) = '0' else XREG;
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VHDL of Serial Multiplier (cont.)VHDL of Serial Multiplier (cont.)

process (CLK)
begin

if (rising_edge(CLK)) then
if (SHIFT = '0') then 
XREG <= "0000" & X;
YREG <= Y;
acc_out <= (others => '0');
XY_int <= add_out;

else 
XREG <= XREG (6 downto 0) & '0';
YREG <= Y(3) & YREG (3 downto 1);
acc_out <= add_out;
XY_int <= XY_int;  - - This is optional.

end if;
end if;

end process;
end architecture behavioral;
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Simulation of Serial MultiplierSimulation of Serial Multiplier

•Notice that SHIFT specifies a load followed by three shifts and
brackets the rising edge of the CLK.

•The values for X and Y are loaded into XREG and YREG respectively.
•XREG shifts left while YREG shifts right.
•The value of XY is the product (in HEX) of X and Y.
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Baugh Baugh WooleyWooley FormulationFormulation

Assuming X and Y are 4- bit twos complement numbers:

X = - 23x3 + Σ xi2
i Y = - 23y3 + Σ yi2

i

The product of X and Y is:

XY = x3y32
6- Σ xiy32

i+3- Σx3yj2
j+3 + Σ Σ xiyj2

i+j

Recall for twos complement: 

- Σzi2
i = - 23+ Σ zi2

i +  1

The product then becomes:

i=0 i=0

i=0 i=0

i=0 i=0

j=0 j=0

2 2

2 2 2 2

XY = x3y32
6 + Σ xiy32

i+3 + 23- 26 + Σ x3yj2
j+3 + 23 – 26 + Σ Σ xiyj2

i+j

= x3y32
6 + Σ xiy32

i+3 + Σ x3yj2
j+3 + Σ Σ xiyj2

i+j + 24 – 27

i=0

i=0 i=0

i=0j=0 j=0

j=0j=0

2 2 2 2

2 2 2 2

2 2

=  – 27 + x3y32
6 + (x2y3 + x3y2)2

5 + (x1y3 + x3y1 + x2y2 +1)24

+ (x0y3 + x3y0 + x1y2 + x2y1)2
3 + (x0y2 + x1y1 + x2y0)2

2 + (x0y1 + x1y0)2
1

+ (x0y0)2
0
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Twos Complement MultiplicationTwos Complement Multiplication
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