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E% Number Systems Basics E%

How to represent negative numbers?

m Three common schemes: sign-magnitude, ones
complement, twos complement

m Sign-magnitude: MSB = 0 for positive, 1 for negative
oRange: -(2N1—1) to +(2N1-1)
oTwo representationsfor zero: 0000... & 1000...

OL eadsto complicated addition/subtraction, but smple
multiplication

m Ones complement: if N ispositive then itsnegativeis N—-
OEx.: 0111 =7, 1000 = -7
ORange: -(2N1-1) to+(2N1-1)
oStill two representationsfor zero: 0000... & 1111...

OSubtraction implemented as addition followed by ones
complement —simpler than twos complement
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f% Twos Complement Representation E%

Twos complement = bitwise complement + 1

0111 ->1000 + 1=1001=-7
SIX=-28 4 Ex2+1

1001-> 0110+ 1=0111= 7

* Asymmetricrange: -2V-1to+2N-1-1
= Only onerepresentation for zero

= Simple addition and subtraction

= Most common representation

4 0100 -4 1100 4 0100 -4 1100
+3 0011 #(-3) 1101 4.3 1101 +3 0011
7 0111 _7 11001 1 10001 1 1111

. . I .1 .
If carry in to sign equals carry out, then can ignore carry out; otherwise have overflow.
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E% Overflow Conditions E%

Add two positive numbers to get a negative number

or two negative numbers to get a positive number.

-8 01000
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ﬁ Binary Full Adder ﬁ

A B
| | s=AOBOC
i —C,
Adder
S
A B Cl S CO AB
0 0 0 0 0 Cl 00 01 11 10
o 1 0 |1 o s 0L 0
0 1 1 0 1
1 0 0 1 0 ! 0 0
1 0 1 0 1
1 1 0 0 1 AB
1 1 1 1 1 Cl 00 01 11 10
olo (o |[t]]o
CcO
110 [ _1|
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ﬁ Ripple Carry Adder Structure ﬁ
B, A B, A B, A B, A
PP PP P! PP
Cos| Full [Co2l Full | Coa| Full | Cool Full [Cio
Adder Adder Adder Adder
| ! | |
S5 S, Sy So

Worst case propagation delay linear with the number of bits

tadder = (N'l)tcarry + tsum
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ﬂ Extension to Subtraction ﬂ

»Under twos complement, subtracting B isthe same as
adding the bitwise complement of B, then adding 1.

Combination addition/subtraction system:

mux selects B for addition, B for subtraction — Is there another way?

e b I
B; Bj B, B, B, B By Bo
N i as
l I I i v
FA FA FA FA Add/Subtract
CO,S Co,Z CD-l Co,O \
l l l l Add 1 for
S S St S subtraction using
carry in.
\

Overflow occursif carry in to sign bit differsfrom final carry out.
overflow
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ﬂ Comparator (one approach) ﬂ
s B B, B, B, B, B, B,
| : — |
o FA .., FA e FA .l FA 1
S S S S
Some examples:
AB A-B NV
-3 -4 1 00
v N 32 510
trueif trueif negative 36 (97 01
overflow result Z trueif zeroresult 56 @n-5 11
A<B = NOV A>B = Z+(NOV)
A<B = Z+(NOV) A>B = bll:IV
A=B = Z A£B = Z
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ﬂ Alternate Adder Logic Formulation ﬂ

How to Speed up the Critical (Carry) Path?
(How to Build a Fast Adder?)
A
PP

C, _. Ful . c

: ; ; (arry
Al B gl 8 | 6| Sl Adder °
ii il i | i I v [ Ul l
| ] | il | | | | | i | [yl S
i 1 {k | il POt e Generate (G) =AB
: i 1 I i I propagate Propagate (P)=A OB
: . i . I | A . l |:.|-'\-:..I:I!L._'.‘-'\.'_ I‘:ﬂl:r:., P:I = {7+ PL‘J
| i | [} | [P e
] |6 ] D 1 gemerale S(G,FP) = F® -L".
1 | 1T ] 1 | 1 | gedale
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ﬁ Carry Bypass Adder ﬁ
A, B A, B, A, B, A, B,

N S A S N I
P,.G P.G P.G P,G | —_ Can compute P, G
Pl 1Go Pl ]G:i Po] |G, Pa] |Gs in parallel for all bits

<{FA | FA —~ FA — FA —

Co 0 Co 1 Co 2 Co,g

I

BP= P,P,P,P,

P.G P.G P.G P.G

Pol lGo Pll lGl le lez psl 1G3

FA | — FA |~ FA | FA —

Co,O Co,l Co,z C0’3

Cio

Key Idea: if (P, P, P,Ps) then C 5=C;,
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ﬁ Carry Lookahead Adder ﬁ

Re-expressthecarry logic asfollows:
Cl1=G0+P0OCO
C2=G1+P1C1=G1+P1GO+P1POCO
C3=G2+P2C2=G2+P2G1+P2P1G0+ P2P1P0CO
C4=G3+P3C3=G3+P3G2+P3P2G1+P3P2P1G0+ P3P2P1P0CO

= Each of the carry equations can beimplemented in a two-level logic
network.

»Variablesarethe adder inputsand carry in to stage 0.

Ripple effect has been eliminated!
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ﬁ Carry Lookahead Logic ﬁ
Al i
i ,_E > _______ bi
° j jD_ S Adder with propagate and
Gl 7 gener ate outputs

Later stages haveincreasingly complex logic.
Arelater stages ower? /

Co C0— C0—

PO:D®_ Cl PO — PO—
................... | P1— P1—
Go e P1 —

P3—
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ﬁ 16-bit Carry Bypass Adder ﬁ

BP= PyP;P,P;

BP= P,PsP¢P;

BP=P;PgPgPy, BP=P1,P1,P1sPyy

Assumethefollowing for delays of each block:
P, G from A, B: 1 delay unit

P, G, C;to C,or Sum for aFA: 1 delay unit
2:1 mux delay: 1 delay unit

What isthewor st case propagation delay for the 16-bit adder?
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ﬁ Critical Path Analysis ﬁ

P2= P,PsPsP; BP3= P,PgPyPyy BP4= Py,P,,Py3Pyy

For the second stage, isthecritical path:

BP2=0o0or BP2 =17

Message: Timing Analysis is Very Tricky —
Must Carefully Consider Data Dependencies For
False Paths
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ﬂ Binary Multiplication ﬂ

i1 My %) X Muoliplicand

¥ ¥: ¥ o Mabugler
a¥n %a¥a Xp¥e Modp

¥y Na¥y Mo¥p Rl Fartial Product
Ny¥y Kaly Np¥a Epds
+ Ny M)y Yy gl
V.
y

s T Ty Ei I Iz T T Besuli a ﬁ % g o
Y1
» Partial product computation is ’% % ’% ’g ,

simple (single and gate per bit).

HA FA FA HA
X5 X, X; Xo Y2 v
zl
FA FA FA HA
X3 X, Xy Xo Ys !
é ZZ
FA FA FA HA
l ! y v '
Z Zg Zs Z, 2z,
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ﬂ A Serial (Magnitude) Multiplier ﬂ

Shift (or L D) W

rst

xbus acc_out
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ﬁ Timing Diagram

CLK | | | | | |

shift] || L

Xreg \koomsxlexo

—

000x3x2x1x00|

—

00x3x2x1x000|f 0x3x2x1x000(| 0000x3x2x1 x0|

—

yreg yoyly2y3 X y1y2y3y3 y2y3y3y3 y3y3y3y3 yoyly2y3

——
——
—

|
ACC_OLIt \K 00000000 X Accum_1 X Accum_2 X Accum_3 X 00000000
x*y |

PRODUCT X PRODUCT
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ﬁ VHDL of Serial Multiplier

library ieee;

use ieee.std_|logic_1164. all;

use i eee.std_|l ogi c_unsigned. all;

entity serialmult is

port (SH FT, CLK: in std_|ogic;

X, Y: in std_logic_vector (3 downto 0);
XY: out std_logic_vector (7 downto 0));

end serialmlt ;

architecture behavioral of serialnmult is

signal XREG XBUS, acc_out, XY_int, add_out:
std_Il ogi c_vector (7 downto O);

signal YREG std_logic_vector (3 downto 0);
begin
add_out <= XBUS + acc_out;
XY <=XY_int;
XBUS <= (others => '0') when YREG0) = '0' else XREG
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VHDL of Serial Multiplier (cont.)

process (CLK)
begi n
if (rising_edge(CLK)) then

if (SHIFT = '0') then
XREG <= "0000" & X;
YREG <= Y,
acc_out <= (others =>"'0");
XY_int <= add_out;

el se
XREG <= XREG (6 downto 0) & '0';
YREG <= Y(3) & YREG (3 downto 1);
acc_out <= add_out;

XY_int <= XY_int; -- This is optional.

end if;
end if;
end process;
end architecture behavioral;
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it

Simulation of Serial Multiplier

it

*Notice that SHIFT specifies aload followed by three shifts and
brackets the rising edge of the CLK.

*Thevaluesfor X and Y areloaded into XREG and Y REG respectively.

*XREG shifts left while Y REG shifts right.
*Thevaue of XY isthe product (in HEX) of X and Y.

EevedRuyy
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ﬂ Baugh Wooley Formulation ﬁ

Assuming X and Y are 4-bit twos complement numbers:
X =-28x, + 220) X2 Y =-28y, + fo‘, y,2
The product of X and Y is:
XY = Xgy,25 - 2230 X;y32'*3 - .22‘8 Xgy;2*3 + 2202 J}E:,)xiyjz”j
Recall for2 twos complerr;ent:
2z2 =-2+X72 + 1
The product then becomes:
XY =xy;20 + Exy, 27+ 29-25 + S xy @™+ 25225+ £ L yy 2
= Xgys28 + X xii/o,)z_"B +2 X?EXJ-TJ’3 +2 ZZDXPZG o+ 4 24 _o7
= =27+ XgYa25 + (Y3 + Xg¥)2® + (XpY3 + XaY + X5, +1)2°

+ (XoY3 + XaYo + XqYa + Xo¥1) 23+ (XoY, + XqY1 + Xo¥0) 22 + (XoYq + X;Yo) 2"

+ (XoY)2°
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ﬂ Twos Complement Multiplication ﬁ

%3 Xz XN Ay Mulophicand
F3 ¥ 0¥ Yo Muliglscr
ToFn Ea¥n Xi¥n %o
TEFI =2y Xy ey
Ra¥y Bp¥a Xq¥y Bgly

L

¥y Aoy R TR X3 X, X, Xo|  °
] | d 6 #
iy &y i3 Iy F] €3 Ed] 4Tl Xs X, X, Xo Y1
& & & & -

FA FA FA HA
X3 X5 X %o Y2 l
Z
FA FA FA HA
8 9 (9§ [& -
1 Z
' K
HA FA FA FA HA
v ! v ) v
Z; Z Z5 z, z,
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