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E% Number Systems Basics E%

How to represent negative number s?

m Three common schemes. sign-magnitude, ones
complement, twos complement

m Sign-magnitude: MSB = 0 for positive, 1 for negative
oORange: -(2N1-1) to +(2V1-1)
oTwo representationsfor zero: 0000... & 1000...

oL eadsto complicated addition/subtraction, but smple
multiplication

m Ones complement: if N ispositive then itsnegativeisN
OEx.: 0111 =7, 1000 =-7
oORange: -(2N1—1) to +(2N1-1)
oStill two representationsfor zero: 0000... & 1111...

OSubtraction implemented as addition followed by ones
complement
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f% Twos Complement Representation E%

Twos complement = bitwise complement + 1

0111 ->1000+ 1=1001=-7
1001->0110+1=0111= 7

* Asymmetricrange: -2V-1to+2N-1-1
= Only onerepresentation for zero

= Simple addition and subtraction

= Most common representation

4 0100 -4 1100 4 0100 -4 1100
+3 0011 +(-3) 1101 -3 1101 +3 0011
7 0111 -7 11001 1 10001 -1 11

: . _ t .
If carry in to sign equals carry out then can ignore carry out, other wise have overflow
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E% Overflow Conditions E%

Add two positive numbers to get a negative number

or two negative numbers to get a positive nhumber

3 0011

-8 01000
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ﬁ Binary Full Adder ﬁ

A B
| | s=AOBOC
i —C,
Adder
S
A B Cl S Co AB
0 0 0 0 0 Cl 00 01 11 10
I EE AR ER[IE
0 1 1 0 1
1 0 0 1 0 ! 0 0
1 0 1 0 1
1 1 0 0 1 AB
1 1 1 1 1 Cl 00 01 11 10
olo |o [[t]]o
Cco
110 [ _1|
ﬁ Ripple Carry Adder Structure ﬁ
B, A B, A B, A B, A
P P P P P
Cos| Full [Co2l Full | Coa| Full | Cool Full [Cio

Adder Adder Adder Adder

| } l |

S; S, Sy S

Worst case propagation delay linear with the number of bits

tadder = (N'l)tcarry + tsum
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ﬁ Extension to Subtraction ﬁ

»Under twos complement, subtracting B isthe same as
adding the bitwise complement of B then adding 1

Combination addition/subtraction system:

mux selects B for addition, B for subtraction

e b T~
B, B, B, B B, B, B, By
o,
| | | |
| I I vy
FA FA s FA c FA Add/Subtract
CO,S Co,Z (e 0,0 \
l l S{ Slo Add 1 for
S S subtraction using
carry in
™~ Overflow occursif carry in to sign bit differsfrom final carry out
overflow
n Comparator (one approach) ﬁ
s B B, B, B, B; B, B,
1 e
Co3 FA Co2l FA Coa FA Coo FA '
s, S, S, S
N
\Y
trueif trueif negative
overflow result Z trueif zeroresult
A<B = NOV A>B = Z+(NOV)
A<B = Z+(NOV) A>=B = NOV
A=B = Z A£B = Z
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ﬂ Alternate Adder Logic Formulation ﬂ

How to Speed up the Critical (Carry) Path?
(How to Build a Fast Adder?)
A
PP

C, — Full

; - ; arry — C
A i o 5 C, B Adder 0
| i i L] ] ]
i i '} 0 } Uty l
i il | | i [yl S
o | o i ] | propagate Generate (G) = AB
i i | i | proqngste Propagate (P)=A OB
| i | & | | | |:-|--:..|:|!1._'.‘.-\.'_ C (G.P) = G+ PC,
i I
il | K] | [P e
I i ] I gemerale S, Py = P@ -l"_".
1 | 1T ] 1 | 1 | gedale
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ﬁ Carry Bypass Adder ﬁ

Ay By A, B A, B, A; B,

N S A S N I

P,.G P.G P.G P,G | —_ Can compute P, G
Pl 1Go Pl ]G:i Po] |G, Pa] |Gs in parallel for all bits
qFA%FA—»FA-»FA—»

Co,O Co 1 Co 2 Co,g

I

BP= P,P,P,P,

P.G P.G P.G P.G

Pol lGo Pll lGl le lez psl 1G3
Cio

TFA—»FA—-FA—»FA—»

C
Co,O Co,l Co,z 03

Key Idea: if (P, P, P,Ps) then C 5=C;,
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ﬁ 16-bit Carry Bypass Adder ﬁ

BP= PyP;P,P; BP= P,PsP¢P;

BP=P;PgPgPy, BP=P1,P1,P1sPyy

Assumethefollowing for delay each gate:
P, G from A, B: 1 delay unit

P, G, C;to C,or Sum for aFA: 1 delay unit
2:1 mux delay: 1 delay unit

What isthewor st case propagation delay for the 16-bit adder?
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ﬁ Critical Path Analysis ﬁ

P2= P,PsPsP; BP3= P,PgPyPyy BP4= Py,P,,Py3Pyy

For the second stage, isthecritical path:

BP2=0o0or BP2 =17

Message: Timing Analysis is Very Tricky —
Must Carefully Consider Data Dependencies For
False Paths
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ﬁ Carry Lookahead Adder ﬁ

Re-expressthe carry logic asfollows:
Cl1=G0+P0OCO
C2=G1+P1C1=G1+P1GO+P1POCO
C3=G2+P2C2=G2+P2G1+P2P1G0+ P2P1P0CO
C4=G3+P3C3=G3+P3G2+P3P2G1+P3P2P1G0+ P3P2P1P0CO

= Each of the carry equations can beimplemented in a two-level logic
networ k

»Variablesarethe adder inputsand carry in to stage 0

Ripple effect has been eliminated!

ﬁ Carry Lookahead Logic ﬁ
Al i
i ,_E i o m— bi
BA j jD_ S Adder with propagate and
I = gener ate outputs

L ater stages haveincreasingly complex logic

Cco C0— CO0— /
PO Cl1 PO— PO—]

................... | P1— ) P1—
GO p7— o] )-

G P3—

P1 GO0
co .
D Sa e
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ﬁ Block Generate and Propagate ﬂ

G,; and P,; denote the Generate and Propagate functions, respectively, for agroup of bits
from positionsi to j. We call them Block Generate and Block Propagate. G, equals 1 if
the group generates a carry independent of theincoming carry. P,; equals 1 if an
incoming carry propagates through the entire group. For example, G, isequal to 1if a
carry is generated at bit position 3, or if acarry is generated at bit position 2 and
propagates through position 3. G;., = G; + P;G,. P, istrueif an incoming carry
propagates through both bit positions 2 and 3. P,., = P;P,

Co,l

(G +P;Gy) +(PPy)Cip = G+ Po Cig

CO,S = G3 + P3G2 + PSPZGI + PSPZ PlGO + P3 PZPIPOCi,O

(G3+P3G,) +(P3P,)Co 1 = Ggp P35, Coy
= G+ Py(Gyo t Pp Cio)
The carry out of a4-bit block can thus be computed using only the block generate and propagate

signals for each 2-bit section, plusthe carry in to bit 0. The same formulation will be used to generate
the carry out signals for a 16-bit adder using the block generate and propagate from 4-bit sections.
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ﬁ 74181 TTL 4-bit ALU (T1) ﬁ

ST L A DT

vt I BmeH 1 = L AT TIC AP R
I LEneE a=l Cr=H
1 " - ol P el - iR 1
S L i Fod @iligh i Fes
L i = T oo i N F o=l
E L W i Fadanl P AT S Feal
L L u .. P P BRI 1 I3 CO ¥ = HiM
[ - i i FeEal P BFLLE L 4 ¥k PLLR Gk = BT PLLRO
1 " L W reg P AN PLUE IS W ookl FLLE R = B PLLR
r & ® L -1 o arnLE s i P i B
L - = 1 pamall LY T ] | FeigaWFimy
5 i i i [T ] [ ey 1] oo PLLEE ko B PRLLINY
|- i L i Fesin P b PLLE ]
= L "L Tal CEF L prey ) TEETFOE IR 1
- L H " Fuid+8 LET T 1] Bl o EFLLET
= L] L [ LEL ] | F = mrih a" 0w, N ok LY
H H L n v il Fo= &l PLLE B PETTAT LA
H H H L ¥ Al F= AR ELLEE T YT R
H MM a Fed | L P Pl §

Blarr o m o rw b me B b S R

» 16 logic functions and 16 arithmetic operations

» | nternal 4-bit carry lookahead adder

» | nputs can be active high or active low (active low is shown here)
» Carry in and out are opposite polarity from other inputs/outputs
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ﬂ 74181 Addition (Active Low) ﬂ

_---.|@_ =AB+(A;+B)AB,

HAGBy)(A+By) AB,

= %\:ﬁBQ(Az*'BZ) (A+By) AB,
[ B= (A;+B,)(A+B,)(A+B)(A,+B,)

(A B AB A+B (AB)D(A+B)\
00 0 o0 0
010 1 1
100 1 1
111 1 (%
\ AOB /

S,=A,0B,0C,,
AOCn+BOCn
$=A,0B,0C,

=A,0B,0C,
=A,08,0C,
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ﬂ 74182 ﬂ

P3:0
5 B

74182 Cal’l’y G3:0\_‘. [ «

lookahead unit | y 1
. b
Mt
i ¢ o B Wi s
=12 182 12f=Py ] - i -
s s[sJe[s[v[v]v]V[s]s
B 1 p=r, H
% B 1] g0 - |
s L il .
F=y1 1EpP=i
cat {8 =i, "o T . k
Active low example:
. Cpix = GOPO + GOC,
= high speed carry lookahead R
generator = GO-P0-GO-C,
= used with 74181 to extend carry = (GO+P0)-(GO+C,) = GO + POC,
lookahead beyond 4 bits »Coz= Gao+ PacCig
* correctly handlesthe carry polarity Chiy = Co7 =Gy + Pr4Gao+ PraPsoCio= Gro+ ProCip
of the 181

Crz= Co11=Grg+ Pr1gGry + PrigPr4Gao *+ P1agPr.aP30Cio

L11: 6.111 Spring 2003 Introductory Digital Systems Laboratory = Gll:O + Pllioci ,0 18




ﬂ 16-bit Carry Lookahead Schematic

it

181 configured for A+B:
M=0,S;,=1001

i i 4

Co 181 G Co 181 G Co 181 Cou

P G P G P G

Azo  Bgg \ Azs By Aus Big Ao

BlS: 12

%: 0 S7:4 S11:8 S15; 12
PO GO P1 G1 P2 G2 P3 G3
Gp
Cn 182 L
cin
P Cn+x C|n+y Cn+z
182 computes C,, for later stages,
using block G & P from earlier stages
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ﬂ Binary Multiplication

i Ny X Ky "'.:II|I||'|;||,:|II||
¥a ¥z ¥ Mo Maohipher
KMo %a¥n Xp¥e Kakn
¥y Na¥y Mo¥p Rl Fartial Product
Ri¥y Ex¥y Np¥3 Eod:
+  Ng¥y Na¥y Ej¥y %l

Resuli X X X
iy B B K B Ty I % T é 4 4

» Partial product computation )% a )%
issimple (single and gate)

HA FA FA HA
X3 X, Xy Xo Y2 v
Z
FA FA FA HA
X3 X, Xy Xo Ys i)
Z
FA FA FA HA
l ! v ’ !
Z; Z5 Zs Z, z,
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A Serial (Magnitude) Multiplier

it

Shift
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Shift

rst
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21

it

Timing Diagram

CLK

shif | |

L]

Xreg 000x3x2x1x0 | {000x3x2x1x00) 00x3x2x1x000X;x3x2x1x000C 0000x3x2x1 x0)
yreg yoyly2y3 X7 yly2y3Xx y2y3X X X7 y3X X X yoyly2y3
ACC_Out \K7 00000000 Accum_1 X7 Accum_2 Accum_3 X 00000000
X*Y PRODUCT PRODUCT

L11: 6.111 Spring 2003

Introductory Digital Systems Laboratory

22




ﬁ VHDL of Serial Multiplier

it

library ieee;
useieeestd_logic_1164.all;
use ieee.std_logic_unsigned.all;

entity serialmult is
port (SHIFT, CLK: instd_logic;
X, Y : in std_logic_vector (3 downto 0);
XY: out std_logic_vector (7 downto 0));
end serialmult ;

architecture behavior of serialmult is

signal XREG, XBUS, acc_out, XY_int, add_out: std_logic_vector (7 downto 0);
signal YREG: std_logic_vector (3 downto 0);
begin
add_out <= XBUS + acc_out;
XY <=XY_int;
process (YREG(0), XREG)
begin
if (YREG(0) ='0') then
XBUS <="00000000";
else
XBUS <= XREG;
end if;
end process,
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ﬁ VHDL of Serial Multiplier (cont.)

it

process (CLK)
begin
if (CLK'event and CLK ="1") then

if (SHIFT ='0') then

XREG (7 downto 4) <="0000";
XREG (3 downto 0) <= X;
YREG <=Y;

acc_out <= "00000000" ;

XY_int <= add_out;

else
XREG
XREG

7 downto 1) <= XREG (6 downto 0);
0)<='0";

YREG (2 downto 0) <= YREG (3 downto 1);
YREG (3) <= Y(3);

acc_out <= add_out;

XY_int <= XY_int;

end if;
end if;
end process;
end ar chitecture behavior;
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ﬂ Simulation ﬁ

Nfes D S
- 4
_— [ T v T
- - i T
. I I - 1
= i T_1 | F
o mm @ B 1 ] v 1 - " T 1
[+ | L 1 ¥ L |
e 5
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ﬂ Baugh Wooley Formulation ﬁ

Assuming X and Y are 4-hit twos complement numbers:
2
X = -2%; + X %2 Y =-28y, + fo‘, y;2
The product of X and Y is:
2 . 2 . 2 2 o
XY =Xgy,2% - ZD Xiy42'*3 - 12‘6 Xgy;2*3 + > 2:,) xjy; 2"

i=0 j

Recall for3 twos compl ement:
L x2 =20+ XX%2 + 1

The product then becomes:
XY = X3y32® + L Xys2 "3 +23- 20 + Lyt + 23 - 25+ 3 3 xy;2
= X428 + X Xjys2 S + 120) Xy, 2% + EDI 20‘, Xy, 24 + 2427
= =27+ XgY325 + (Y3 + Xa¥2)2® + (Xp¥3 + XaY, + Xy, +1)2°
+ (XY3 + Xg¥o + X1Yo + Xo¥1) 23+ (XoY, + X1Yq + X2¥0) 22 + (XoYq + X1Yp)2h

+ (XY 2°
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ﬂ Two's Complement Multiplication ﬂ

A3
]

Ry Xy

Ty 'h.'l

U Ra¥n X Yo Xi¥n

Wavi Xa¥i KiY)

(ol |

» Mulbphicand
Yo Sultgplser

WiV Ma¥a %q¥1 oM
As¥y ;.:':._'. "-i|:._: MR X3 a % % Yo
i | |
iy I g Ty Xy 3 Ed ] E X, X X X Y1
FA FA FA HA
X3 Xy X; Xy Y2 l
Zl
FA FA FA HA
6 18 18 (& -
1 Z
4 3
HA FA FA FA HA
v ! ' ) v
Z; Zg Z5 Z, z,
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